The collision-ionization mechanism of nonsequential double ionization (NSDI) process in IR+XUV two-color laser fields [Phys. Rev. A 93, 043417 (2016)] has been investigated by us recently. Here we extend this work to study the collision-excitation-ionization (CEI) mechanism of NSDI processes in the two-color laser fields with different laser conditions. It is found that the CEI mechanism makes a dominant contribution to the NSDI as the XUV photon energy is smaller than the ionization threshold of the He + ion, and the momentum spectrum shows complex interference patterns and symmetrical structures. By channel analysis, we find that, as the energy carried by the recollision electron is not enough to excite the bound electron, the bound electron will absorb XUV photons during their collision; as a result, both forward and backward collisions make a comparable contributions to the NSDI processes. However, it is found that, as the energy carried by the recollision electron is large enough to excite the bound electron, the bound electron does not absorb any XUV photon and it is excited only by sharing the energy carried by the recollsion electron, hence the forward collision plays a dominant role on the NSDI processes. Moreover, we find that the interference patterns of the NSDI spectra can be reconstructed by the spectra of two above-threshold ionization (ATI) processes, which may be used to analyze the structure of the two separate ATI spectra by NSDI processes. * Electronic address: 2 * wbb@aphy.iphy.ac.cn
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I. INTRODUCTION
Nonsequential double ionization (NSDI) of atoms and molecules in a strong infrared (IR) laser field has continued to attract considerable interest [1] since the first observation of the knee structure in the doubly charged ion yield curve as a function of laser intensity for Xe atom [2] . Up to now, it is widely accepted that the recollision picture is responsible for the NSDI [3] . In this picture, one electron is released via a tunneling process, then accelerated, and finally driven back to collide with another electron making two electrons simultaneously ionized by the IR laser field, which is called the collision-ionization (CI) process; whereas if the second electron is pumped to an excited state, and then ionized subsequently by the IR laser field, this process is called the collision-excitation-ionization (CEI). With great advances in the study of the NSDI by many theoretical approaches [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , for example, solving the full-dimensional time-dependent Schrödinger equation [4] , the S-matrix theory [5] [6] [7] [8] [9] , semiclassical [10] [11] [12] and classical [13, 14] models as well as the frequency-domain theory [15] [16] [17] , both the CI and CEI mechanisms have been investigated in the NSDI process. Especially in recent years, more attention has been paid to the CEI mechanism of NSDI because it involves more complex electron correlation dynamics and may give rise to nontrivial NSDI features.
Indeed, a number of interesting NSDI phenomena have been observed recently [9, [18] [19] [20] [21] [22] [23] [24] [25] [26] , such as the cross-shaped in the correlated electron momentum distribution from NSDI with a near-single-cycle [18, 19] , the dependence of momentum distribution on laser intensities and carrier-envelope phases [21, 22] , and quantum and depletion effects below the threshold intensity [9] , as well as the nonstructured momentum distribution of high-Z rare-gas atoms [25] . These results are believed to be closely related to the CEI mechanism and further stimulate the study of NSDI process caused by CEI.
With rapid development of free-electron laser technology [27] [28] [29] and application of the high-order harmonic generation [30] [31] [32] , NSDI can take place in an extreme ultraviolet (XUV) laser field. Applying XUV light source, a great progress has been made in understanding the NSDI dynamics in this short wavelength regime [33, 34] . For example, the virtual sequential model [35] and the joint angular distribution [36, 37] show the effect of the electron correlation in the NSDI process. More recently, NSDI dynamics has been further explored in the combined IR and XUV fields. Hu [38] first calculated the double ionization of helium in IR+XUV two-color laser fields by ab initio calculation. It was found that the electron correlation can significantly enhance the NSDI probability by controlling the XUV laser field to excite the bound electron of He + ion. Liu et al. [39] investigated the dependence of joint photoelectron angular distributions on the energy sharing of two ionized electrons by solving the time-dependent Schrödinger equation in full dimensionality. It was found that the joint photoelectron angular distribution in IR+XUV two-color laser fields is different from that in a monochromatic XUV laser field.
With the help of formal scattering theory [40] , the frequency-domain theory based on the nonperturbative quantum electrodynamics was developed by Guo et al. [41] . This approach has been successfully extended to deal with the recollision processes, such as the high-order above-threshold ionization (HATI) [42, 43] , high-order harmonic generation (HHG) [44, 45] and the NSDI [15] in a monochromatic IR laser field. One major advantage of this frequencydomain theory is that all of the recollision processes can be decoupled into certain channels, which can be further investigated separately. Also, the approach can save a large amount of computation time because of its nature of time-independence. Recently, the frequencydomain theory has been employed to investigate the above-threshold ionization (ATI) in IR+XUV two-color laser fields [46, 47] . Furthermore, we have studied the momentum spectrum of two ionized electrons and analyzed the formation of momentum spectrum in the NSDI due to the CI mechanism in the two-color laser fields [16, 17] . In this paper, we shall extend the frequency-domain theory to investigate the CEI mechanism of NSDI in IR+XUV two-color laser fields. By the channel analysis, we investigate the channel contributions to the momentum distribution of two ionized electrons as well as the contributions of the forward and backward collisions on NSDI. Moreover, by employing the saddle-point approximation, we obtain the energy conservation equations satisfied by the two ionized electrons and illustrate the formation of the momentum spectrum.
This paper is organized as follows. Section II introduces the theoretical method. In Sec.
III, we present the numerical results and a comprehensive analysis of them. Finally, in Sec.
IV our conclusions are given. Atomic units are used throughout unless otherwise stated.
II. THEORETICAL METHOD
The Hamiltonian for the system of a two-electron atom in two-color linearly polarized laser fields with frequencies of ω 1 and ω 2 is [41]
where
is the free electron and photon energy operator for the laser-matter system. N i is the photon number operator for laser field with frequency ω i for i = 1, 2. The Coulomb potential is
, where U i for i = 1, 2 is the interaction potential between electron and nuclei, and U 12 is the interaction potential between the two electrons. Finally, the electron-photon interaction potential is V = V 1 + V 2 , where
is the vector potential with j = 1, 2, k s is the wave vector,ε s is the polarization vector, a s (a † s ) is the annihilation (creation) operator, and V s is the normalization volume of the laser field with the frequency ω s for s = 1, 2.
The transition matrix from the initial state |Ψ i to the final state |Ψ f for a NSDI process caused by the CEI mechanism is [15] 
In the above, the initial state for the system is |Ψ i = |Ψ in 1 n 2 (r 1 , r 2 ) = |Φ 1 (r 1 , r 2 ) ⊗ |n 1 ⊗ |n 2 , where |Φ 1 (r 1 , r 2 ) is the ground state of the atom, and |n j is the Fock state of the laser field with the photon number n j for j = 1, 2. The initial energy of the system is 
where u p j and φ j are the ponderomotive energy in units of frequency ω j and the initial phase of the laser field with frequency ω j for j = 1, 2, respectively. Under the strong field approximation, the interaction between the two ionized electrons is ignored by assuming that the two electrons are separated far away from each other in the final state Eq. (5). The possible effects of Coulomb interaction of the two electron in the final states may reduce the density distribution in the low momentum region on the momentum spectra. The term (5) is the generalized Bessel function, which can be written as
and J m (t) is the Bessel function of order m. In above expression, p i is the momentum of the ionized electron, and ǫ 1 ( ǫ 2 ) is the polarization direction of the laser's electric field with frequency ω 1 (ω 2 ).
In the CEI process, two sets of intermediate states of the atom-laser system are assumed.
One state is that an electron is ionized in a Volkov state and the other electron is bound in the ground state of He + ion, which can be expressed as 
By applying the completeness relation of the intermediate states together with the initial and final states, Eq. (4) can be rewritten as
with q 1 = n 1 −m 1 and q 2 = n 2 −m 2 being the photon numbers absorbed by the first electron e 1 from the first and second laser fields. The term T ATI1 represents the ATI process that the first electron e 1 is ionized directly from the ground state of He atom to the continuous states, which is called the ATI1 process. Here we make some approximations that the ground state |Φ 1 (r 1 , r 2 ) of an atom is a production of two hydrogen-like wave functions, and the second electron is in the ground state of He + ion when the first electron is ionized in the ATI1
process [15] . The term
represents the laser-assisted collision excitation (LACE) process that the first ionized electron e 1 collides with the bound electron e 2 and sets it to the first excited state of He + ion. The term T ATI2
can be rewritten as
with s 1 = l 1 − k 1 and s 2 = l 2 − k 2 being the photon numbers absorbed by the second electron e 2 from the first and second laser fields. The term T ATI2 represents the ATI process of the electron e 2 from the first excited state of He + ion to the continuous states, which is called the ATI2 process. By using Eqs. (5) and (8), the transition matrix for the NSDI can be written as
Here, d 1 = (n 1 −q 1 )−(k 1 +s 1 ) and d 2 = (n 2 −q 2 )−(k 2 +s 2 ) are the photon numbers absorbed from the first and second laser fields in the LACE process, p ′ 1 is the final momentum of the first ionized electron e 1 in the ATI1 process, Φ 2 (p 2 ) is the wavefunction of the first excited state of He + ion in the momentum space, and Φ 1 (p ′ 1 ) is approximated by the hydrogen-like wave function with I p 1 in the momentum space.
III. NUMERICAL RESULTS

The momentum spectrum and channel analysis
We now consider NSDI process of a helium atom exposed to the IR and XUV two-color laser fields, where the intensities of IR and XUV laser fields are chosen as I 1 = 1.0 ×
10
12 W/cm 2 and I 2 = 5.0 × 10 13 W/cm 2 , and the frequency of IR lase field is ω 1 = 1.165 eV.
The polarization directions of the IR and XUV laser fields are the same, and the initial phases of both laser fields are set to zero for simplicity.
Figures 1(a)-(d)
show the NSDI momentum spectra of two ionized electrons parallel to the laser polarization directions through the CEI mechanism for different frequencies of XUV
Figs. 1(e)-(h) show the momentum spectra through the CI mechanism under the same laser field conditions, where the calculation formula is shown in Ref. [16, 17] . One can see that, as the energy of XUV photon decreases, the NSDI probability of CEI mechanism is gradually higher than the corresponding probability of CI mechanism. These results show that: if the energy of XUV photon is small, the ionized electron cannot obtain enough energy by absorbing XUV photons in the ATI1 process to make the bound electron ionized directly by collision, while this bound electron can be easily pumped to the excited state of He + ion by the laser-assisted collision and then is ionized from the excited state by two-color laser fields at last. Hence the CEI mechanism makes a dominant contribution to the NSDI process when the frequency of XUV laser field is low. For example, in the case of ω 2 = 19ω 1 , the NSDI probability of CEI mechanism is larger than that of the CI mechanism by about five orders of magnitude. mechanisms for different laser intensities
, in the case of ω 2 = 19ω 1 . One can see that the CEI mechanism still makes a major contribution to the NSDI process for different laser intensities.
Furthermore, by comparing Fig. 2(b) with Figs. 2(a) and (c), it is found that the XUV laser field determines the NSDI probability and the IR laser field plays an important role in forming the structure of the momentum spectrum, which is consistent with the situation under the CI mechanism, as shown in Fig. 2 (e) and Figs. 2(d) and (f). The momentum spectra caused by CI mechanism have been investigated in the previous paper [16, 17] .
Therefore, we focus on the NSDI process dominated by the CEI mechanism in this paper.
Now we take the NSDI momentum in Fig. 1 (c) as example for analyzing the CEI mechanism of NSDI process. One can firstly find that the momentum distributions are the same in all the four quadrants, which is quite different from that for the case of CI mechanism as shown in Fig. 1(g ). This can be easily understood as follows: in the CEI process, the first electron is ionized and it excites the second electron by collision, then the second electron is ionized by the IR and XUV laser fields from the excited state afterwards. As a result, the final momentum of the first ionized electron is completely independent to that of the second electron. Additionally, the two ionized electrons are indistinguishable, so the interference patterns hold upon the exchange of the roles of the two electrons. Therefore the CEI mechanism can lead to the same momentum distribution in the four quadrants. Moreover, one can find that the NSDI momentum spectrum can be divided into two regions consisting of the high and low ionization probabilities, where the momentum spectrum shows complex patterns. In the following, we will focus on analysis of the structure of these momentum spectrum.
Based on the previous work [16, 17, 38, 46, 47] , we know that the XUV laser field has a decisive effect on the ionization process in IR and XUV two-color laser fields. Figure 3 shows the momentum spectra with the atom absorbing three (a), four (b), five (c) and six . This is because that, the double-ionization threshold is so high that the atom has to absorb at least four XUV photons to make the NSDI process happen.
Furthermore, the processes of the atom absorbing four and five XUV photons separately correspond to the two regions of the high and low ionization probabilities, which indicates that the ionization probability rapidly decreases with the increase of the number of the XUV photons absorbed in the NSDI process.
As we mentioned in section II, we treat the NSDI as a three-step process: the first electron is ionized in the ATI1 process, then collides with the bound electron and makes it jump from the ground state to the first excited state of He + ion in the LACE process, and finally the second electron is ionized in the ATI2 process in the IR and XUV laser fields. In all the three steps, the XUV photons may be absorbed by the electrons. Hence we now define the channel Based on our theory, the NSDI caused by the CEI mechanism is due to the laser-assisted collision-excitation process; hence the direction of the first ionized electron's momentum may be changed before and after the collision. Particularly, if the angle between the ionized electron's momenta before and after the collision is smaller than π/2, we call this collision a forward collision; otherwise, if the angle is larger than π/2, we call it a backward collision. In order to further understand the above observation, we define subchannel as (q 2 |q 1 , d 2 , s 2 ) within the channel (q 2 , d 2 , s 2 ), where q 1 is the number of the IR photons that the first electron absorbs (q 1 > 0) or emits (q 1 < 0) in the ATI1 process. Now the LACE can be treated as the process that the ionized electron with a certain value of p ′ 1 collides with the parent ion, where p
In the following, we will make a detailed discussion about the contributions of forward and backward collisions for different values of p ′ 1 . Taking the subchannels of (2|-2,1,1), (2|0,1,1), (2|2,1,1) and (2|5,1,1) within the channel (2,1,1) as examples, we present the NSDI momentum spectra of these subchannels in Fig. 6 , one can see that the forward collision provides a major contribution to the NSDI, while the backward collision provides a broad momentum distribution with a lower probability to the NSDI. This result indicates that the electrons absorb more IR photons in the backward collision than that in the forward collision, since the more IR photons the electron absorbs, the lower NSDI probability is and the larger value that the momentum presents.
Similarly, taking the subchannels of (3|-5,1,1), (3|-2,1,1), (3|1,1,1) and (3|5,1,1) within the channel (3,1,1) as examples, we present the NSDI momentum spectra of these subchannels Fig. 6 , it is found that, for a given q 1 , the relative contribution of forward collision to backward collision for (3|q 1 ,1,1) is much larger than that for (2|q 1 ,1,1) . This indicates the relative contribution of forward to backward collisions depends largely on the energy carried by the first ionized electron after the ATI1 process.
The saddle-point approximation and energy conservation
We now further explain why some channels illustrate similar interference patterns, and why the relative contribution of forward to backward collisions varies with the energy carried by the ionized electron in the ATI1 process, as shown in Figs. 4-5 . We employ the saddlepoint approximation to analyze the NSDI process. As mentioned above, the NSDI can be treated as a three-step process. Firstly, we will consider the first-step process, i.e., the first electron is ionized in the ATI1 process. We may analyze this process through the Bessel function ℵ q 1 q 2 (ζ ′ 1 ) in Eq. (12) . In our calculation, the Bessel function can be simplified as [46] 
and
with θ ′ 1 being the angle between the momentum of the first ionized electron and polarization directions of the two laser fields in the ATI1 process.
For a certain q 2 , the Bessel function (14) can be written as [42, 48] 
where T 1 = 2π/ω 1 . On the other hand, the classical action of an electron is [17] S cl (t, p) =
where U p 1 is the ponderomotive energy from the IR laser field with the vector potential A cl (t). By using Eq. (18) and the energy conservation E i = E m , Eq. (17) becomes
By applying the saddle-point approximation, the saddle-point t 
where q 2 is the number of XUV photons absorbed by the first ionized electron in the ATI1
process.
Secondly, we analyze the LACE process based on the properties of the Bessel function (12) . Under the calculation condition that we use in this paper, this Bessel function can be written as
Here, θ 1 is set to zero for the final momentum of the first ionized electron along the polarization direction of the two laser fields. (21) can also be expressed as an integral form [42, 48] 
By using Eq. (18) and the energy conservation E m = E l in the LACE process, Eq. (23) can be rewritten as
) and ∆E = I p 2 −I p 12 . Under the saddle-point approximation, this Bessel function will further become
where the saddle-point t 1 satisfies
which is the energy conservation equation of the first ionized electron in the LACE process.
It shows that the collision is an inelastic process with absorbing d 2 XUV photons and overcoming the energy ∆E. Then, we obtain the following equation according to Eq. (20) and Eq. (26)
This equation indicates that the final momentum spectrum of the first electron depends on the total XUV photons (q 2 + d 2 ) that it absorbs in the ATI1 and LACE processes. This is the reason why the structures of the momentum spectra of the subchannels (2,1,1) and (3,0,1) are the same.
Lastly, we will consider the third-step process, i.e., the second electron is ionized from the first excited state of He + ion by the IR+XUV two-color laser fields. Similarly, by analyzing the Bessel function ℵ s 1 s 2 (ζ 2 ) in Eq. (12) under the saddle-point approximation, we can also obtain the energy conservation equation satisfied by the second electron in the ATI2 process
where s 2 is the number of XUV photons absorbed by the second ionized electron in the ATI2 process. In the above, the t 2 satisfies the equation
To explain the reason of similar interference patterns of different channels, Fig. 8 presents comparisons of ATI spectra and NSDI spectra for channel (a) (2,1,1), (b) (3,1,1 ) and (c) (2,1,2). To understand the structure, we show the ATI spectra based on Eq. (10) and Eq. (11) in Figs. 8(d) and 8(e), respectively. In Figs. 8(d) , the I p 1 is replaced by I ′ p in Eq. (10) . From Figs. 8(d) and 8(e), one can see that both the ATI spectra present steplike structures [46] . According to Eq. (27) , one can find that the first and second steplike structures in Fig. 8(d) are attributed to the processes of atom absorbing three and four XUV photons under the IR laser field in the ATI1+LACE processes, respectively. Similarly, the first and second steplike structures in Fig. 8 (e) are due to the first-excited electron of He + ion absorbing one and two XUV photons under the IR laser field in the ATI2 process, respectively. By mapping the ATI spectrum of Fig. 8(d) ( Fig. 8(e) ) on the spectra of Figs . One can find that the Bessel function determines the probability of the LACE process and can also be expressed as
. Hence, the smaller the value of f is, the larger the value that J −d 1 (ζ 11 − ζ ′ 11 ) can have. If f infinitely goes closer to zero and d 1 ≥ 0, we get
In the above, one can see that, for the maximum value of J −d 1 (ζ 11 − ζ increases. We have noticed that, although the atom absorbs a few IR photons (less than 12), the total energy of these IR photons is not enough to excite the bound electron, hence the source of the energy ∆E to excite the bound electron comes not only from the energy transfer between the two electrons and absorbing IR photons, but also from absorbing XUV photons during the collision. This result is consistent with the calculated result of Hu [38] .
Furthermore, for the case of absorbing certain number of XUV photons, the probability of the LACE process is determined by the number of IR photons that electron absorbs. From   Fig. 9 , it is found that: (i) when the value of p ′ 1 is small, the numbers of the IR photons absorbed in both the forward and backward collisions are about equal as shown in Fig. 9 (a) , and hence the forward and backward collisions make a comparable contribution to the NSDI, as shown in Figs. 4(d) and 4(g); (ii) the number of the IR photons absorbed in the forward collision is less than that in the backward collision when the value of p ′ 1 becomes larger as shown in Fig. 9 (b) , which indicates that the forward collision makes a major contribution to the NSDI, while the backward collision provides a broader momentum distribution, as shown in Fig. 6 ; (iii) when the ionized electron carries enough energy to excite the bound electron by collision without absorbing the XUV photons in the LACE process, the electron absorbs much less IR photons in the forward collision than that it does in backward collision as shown in Fig. 9 (c) , thus the forward collision plays a dominant role in the NSDI, as shown in Fig. 4(f) In contrast to the above results, the backward collision makes a dominant contribution to the NSDI in the case of a monochromatic IR laser field, which is shown in Fig.8 of Ref. [15] .
Here we may notice that, in a monochromatic IR laser field, the amplitude of the LACE process only depends on Eq. (23), and hence the small value of p IR laser field is much larger than that in two-color laser fields. Furthermore, in Fig. 10(a) , one can find that the energy obtained in the forward collision is so little that the forward collision can not make the bound electron to be excited. On the contrary, the electron can absorb lots of IR photons in the backward collision, and hence the bound electron may have a chance to be excited in the LACE process. As a result, the backward collision makes a crucial contribution to the NSDI in the monochromatic IR laser field.
IV. CONCLUSIONS
Based on the frequency-domain theory, we investigate the CEI mechanism of NSDI process for a helium atom in the IR+XUV two-color laser fields. We find that the NSDI probability of the CEI mechanism is much larger than that of the CI mechanism when the XUV photon energy is smaller than the ionization threshold of He + ion. It shows that the NSDI momentum spectrum caused by the CEI mechanism presents complex interference patterns and symmetrical structures. With the help of channel analysis, we find that the momentum spectrum is attributed to the interference between different channels. With the channel number increases, the energy of the ionized electron increases in the ATI1 process, and hence the source of the energy to excite the bound electron changes from absorbing XUV photons to pure energy transfer between two electrons during the LACE process. Furthermore, in order to explain the interference pattern, we investigated the contributions to the NSDI from the forward and backward collisions. We found that, if the energy of recolliding electron is small, both the forward and backward collisions play comparable roles in the NSDI, while the distribution of momentum spectrum is broader for the backward collision than for the forward; on the other side, if the the energy of recolliding electron is very large, the forward collision plays a dominant role in the NSDI. Also, we employed the saddle-point approximation to obtain the equation of energy conservation, and reconstructed the formation of interference patterns of different channels by the spectra of two ATI processes. In addition, we also explained the reason why the backward collision plays a dominant role in the CEI mechanism of NSDI under the monochromatic IR laser field. In logarithmic scale. 
